
M,h ,6 Fdr2M O&,er 6st Page I

Math 166 - Exam 3 ReYiew

NOTE: For rcriews of the other sections on E\arn 3, refer to the frst page of WIR #7 and #8.

Section M.1 - Markov Processes

. Markov Process (or Markoy Chain) - a sp€cial class of stochastic processes in which the probabilities associated
with the outcomes at any stage of the experiment depend onl) on the outcomes of the preceding stage.

. The outcome at any stage of the experiment in a Markov process is called the sttte of the experiment.

. Transition Matrix - A transition matrix associated with a Markov chain wiihrl states is annxn matrix f with
entries at : P(rnoving to state il currcntly in state j) such that

L ai; 2 0 for all i and j.

2. The sum of the entries in each column of I is 1 .

. Any matrix satisfying the two properties above is called a rtochaitic matrix.

. If 7 is the transition matrix associated wilh a Markov process, then the probability distribution of the system after
n obsewations (or steps) is given by

Xn: T"Xo

. Powcrs of the Tlansition Matrix - The entry of Ir in row i and column j gives the probability that the system
moves to state i in n observations (i.e., n steps in the Markov chain) given that it was initially in stote j.

Section M.2 - Resular Markov Processcs

. The goal of this sectio[ is to investigate long-term trends ofcertain Markov processes.

. Rcgufar Markov Proc$s - A stochastic matrix I is a r€gular Markov chain if the sequence T,Tz,TI ,.. . ap-
proaches a steady state matrix in which all entries are poriti)e (i.e., strictly greater than 0).

. lt can be shown that a stochastic matrix f is regular if and only if .rorr?e power of 7 has entries that are 6ll posilive.

. FindiDg the Steady.State Dlstribution Vector - Let f be a regular stochastic matdx, Then the scady-siate
distribuiion vector X may be found by solvidg the matdx equation 7X = X together with the condition that the
sum of the elements of the vector X must equal 1.

Section M.3 - Absorbin! Markov Proc€sscs

. Absorbing Markov Process - A Markov process is called absorbing if the following two conditions are satisfied.

l. There is at least one absorbing state.

2. It is possible to move from any nonabsorbing state to one of the absorbing states in a finite number of stages
(i.e., steps in the Markov chain).

. The transition matrix for an absorbing Ma*ov process is said to be an absorbing stochastic matrix. When
studying the long-term behavior of an absorbing Markov process, we reorganize the transition matrix so thal
absorbing ltates are listed firsl, followed by nonabsofting states.

. Theorem 1 - In an absorbing Markov process, the long{erm probability of going ftom any nombsorbing state to
some absorbins state is l.
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Theorem 2 Cfomastik and Ep6tein, pg. 350) - Id f be the transition matrix ofm absort ing Mad@v proc€ss with
a alrsort ing states and 6 nonabsofting states. Reorder the states so that the first a of them are absorbing and the
.emaining , ofthem ar€ nonabforbing. Panidon the matrix as follows:

Then th€ following are true:

l. As , becomes large withoul boun4 the matrix fo, which is th. transition matsix ftom the initial stage to lhe

',d 
stage, hesds for the limiting matrix

I r Ag R)t1
--Obn 

lo*"

wherc the identity rnatix l in lhe expression (/- 8)-' is the same dimension as 8, that is, D x ,.

Th€ entry in the id row and /d column ofthe sub"mafix ,{(/ - B)_l gires the probability that the systern will
end up in the rd sbsorbing slate when initially in th€ /d nonabsobing 3late.

All column surns of,1(1-- 8)-l are l, and thus everything is ery)ect d tobe abso ed.

rnur 6G\ u

(l*G') ,nrs

TRTJE

,/ TRUE \

FALSE

FAISE

nt(t^B 1t
' l  \4 t  , t  - . "aw 4 L)
At--4^
| \--___J I
L-, -.. ,-- - ---

L True/False

TRUE a tALsD a\ I^A = AIr: A ror a]l matrices ,{ fyug ;{ A\f nXn,

When using rrcf h the calculator, s row ofall 0's at the bottom ofthe resultirig
mabix guarante€s that th€ s)stem ofequations has infinitcly msny solutions.

c) To be able to compute tie mafix product,{8, the number of colurms of,{
must eoual th€ dtlrnber ofrows of8.

If8 is a 2 x 2 InaEix, t l len B+12= B. 9!r=$

Iff is al x 3 transition maDrix. then 13 raprcsenB the probability ofgoi!8 io_. , . 
-srate 3 next ifcurrEntfy in stlre l. trb, p\r1fi6. fttWt 3t -+e t,,?tr''-tlatLl lf

ct 'r.v' o * t '  StLk t 5 3lrrf -3
If itr solviry a syst€itl of equltions in thc valiableg r and / using tlc CaDss-

|  |  o l l l
Jordan climination me6od you obrain | ; ; I : l. tben rbe sycrem ofequa-

LU r l6 j
tions has only one solution,

lf the por.mctric solution to s rFtem ofequations is (3t + 2, -t - 3,r), dren
(-7,0, -3) is a particular solution. f - -3

If,4 is a3 x 4 matrix and B is a2 x 4 [t6trix, thedBl! is a 2 x 3 matrix.

@
@

FALSE

d)

e)

(TU")

6;)
l . /

h)

t-x5
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2. For the rcxt two word probl€ms do the folloq,rng:
I) Defirc ttrc €dables tlnr are used in setting up the system of equations.
n) Set up the sys&m ofequatiors that Rp.esents this problem.
m) Solve fol the solution.
I\) Ifthe solutiotr is param€tsic, then tell what restr'rctionr shcn d be placed on lhe peramet<s). Also give three
soecic solutions.

(a) Fre4 Bob, and G€orge are avid collectors of tuseball cards. Among lhe lhlee of tlero, they have 924 cards.
Bob hrs thrEe times as many cnrds ss F&4 and Coorge bat 100 ftot€ cards than Frcd ad Bob do combined. How

({t , thI^A' lD1(q,lsrBob Lv't  b9 ut/5, 2,J H'^6t Ltt
'  = l ) -  Ca/\A 5,

O) ln.lsbor.tory €xperimelt a researcher w6nt3 to provide a rabbit with o(ecdy 1000 units of gihmi! A, cxactly
1600 unih of vitunin C and oxastly 2400 utrits of vitamin E. The nbbit is fed a mixtrrc of rhi€r foode. Bach
grsrn of food I ooDisins 2 utrits ofvitami! A,3 units ofvitaEin C, aDd 5 units ofvitaEtin E. E3ch grab of food 2
conbins 4 lmit! of vitamin A, 7 unitr of vitaEin C, a|rd 9 units of vitlmin E, Bsch gralr of food 3 coDfriff 6 units
of vitdnin A, l0 unih ofvitarnh C, ad 14 utrib of vibmin E, How mlny grdns of€ach food should drc nbbit be
tan /1 | 1= t&t d,qM!r{^- 4 q!4e q ktod I

d* q ={" .t-.|',^trtr{{u.-a q hil>11* i -- \kw."t*^ {,fra*u u t qt^il3
foodl Tota.l

t0 (rlnt lU)0 '-t,'itl
lU,rr.irS lu fD.*4i'5

t{,r,r"ii s }4 0u vr'tt 'is

rX*1 tn; t  >*t ' - roo
l$i f  i f  roo I  q*e-- ,*
lot rDlo I  '

&N +4qtbt--poo
3y+14Hnt 'rcu)
5r$4vt9z--)4o()

!* z--t t wl,.w

\ -- -? +zoo

x -" t r3tD

t satlru! *,u'wJUlr'7- O,

qtt  =l t rD
" 

l-'-t+rva
J --cttou
_t|007O

tL-tu)

-L+5oo>/D

t.LhsD
P4rg3s-.{4!5lr44!Is1

,rtfil-- o, 1-1,517) z (60or l0o,D) to
loe tlr.a' e sbt@d I r tv1}$lobd 2-)05!tr lool1

. tOl.,r 
^ 

t: loo, (X9t?)= (lDo, Or rDo) rr)
2^'0o\ rl toud I r Ottb{rol a, rooq qfood f.

. W"o,^ t = r) ('r'A,A)-- (fq4, qq, lY 9i)
,q.5 dLfoD4 \ , qqld[tsora) lSr\lDcd3

Ir u"lHi c

{r,X,e) = (-c t-aoo) -tr+luDr L)
v!.r.1 AL't atoo
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alYte\ r. solve the sistsn *;1:, ='-rusingthecauss-Jorderelirliruli@rncfiod".(s€.mR#?forrdcxmplcwith

\ 
rhrcc .su.dons ud lnrrc tlnkrow''.) 

\ Rl-.r.R_,

p-a 1r ' ln,-a,n^-c, [ , -- l= l :J _.  1 [r  _o f l -elz o - t)
L* tr t-'J 

Lt,:"| -')) 
,', 

=Lr-o 
-j*i_+ 

-,, i1
t :

"* .o l  'J t - rs ?1
'  l )  >/_h-^Ra-JR,.-R*' [r -flr-l i"K^-R'-, f, -,trlr-l'-'-'=--<--.- -^

-*-ltp-t 'ri Lo ' rr'rtffiil"x
x n ----- f X'ts1=q

g,t lsgaaAr. [ ,  i l t* l  x '  fu I  y=-gu/g, t l5Raaa,.-  
[ '  

- "1** l  x= 
-*  I  y=-Lu

ffi l ' ' l-al l,-'r:;t i x-:rn;=e,"
I t+,-") \  |  , . , "=j

4. Solvr frr thc vsriiblor r," 
6ji{f4'ot 

po$ible, exphin why.
_ <--:-
l2 0l l  I  41.17 0l  ^ l  1-r  5 |
[ '  - tJ[v-1 ,  j *1" 

'J  
=-[  _ l  - iJ

(',u)=lRr+)

f:ara*
Lv

l+ t l  [ r
lx-rr5",> rt-zl I L,

€l
(J -

s\- t=3
ox-- b+ z
SX: - l t  t ]
tY: -15

lv -- -31

X-5-r --t,

-5 =-? -x

-,tl
" l

lz
Ltt- '

n+Z--- to

z+1 f f- t+'n
t - -  |

st"zf L v
-,OJ
1)

5 -- x--1

9: -Jtdu
l l 'z 34
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5. A small town has or y two dry cleane(s, Acrne Dry Clean, and Emca Dry Clearcrs. Acme3 mrnrger hopes to
ircrEase tbc finn's market share by conducting an extensive adv€nising campaign. After tbe campoign, a martet
research fim finds thal 65010 of Acme's cwtomers will retum to Acme Dry Cl€€n with their next load of dry
cleaning, and 25% of Emca's c'trstomefs ry!11-$dtc$qAcme for their n€xt load of dry cle&ing. Swpose that each
custorier brings one losd of &y cleani(&ler w!9Lg,N thal before the ad campaign. 35% of aI cuslome$ us€d
Acme Dry Clean ard 65% of all customen used Emca Dry Cl€anets.

(a) What is the aansition mafix for thir Mar*ov process? Ifthis is an absorbing Markov process, order tbe sbtes
so thal all abEorbing srates ar€ listed first.
A - A.'//u ?r\(lr.an"
E - Ewc li3Clr"^rY

xr -{4x" =
Alt<v 4wlc., 4l.so9o ",i I Iapto /ltnt WU{.Aq^. a+ol

tE.so?" wit\ {D faEw''4^,

\.\

Lurre.^t

1.414.v1
L toaqj

TX-X

t:lttl'lil

,4 (-  - t
r-- A l,{6 .25'lruu' ,lr "'s1

O) what will thc perconllgcs ofthe market share look Iike 4 weelcs sfter the
answgr as percedages rounded !o 2 decimal places.

h'lT4

(o) What is dte poblbility thst an iEdividual who itritially took his or h€f dry clc.ning to Acmc Dry Cl€an will
then trke his or her dry cleaning to Emca Dry Cleonen (|ne reek afier dred campalSn besr[s?

(e) Is this s regular Ma*ov $oces6 or an absorbing Markov process? If&.gulsr, find the steady-sbte disfibdioo
vector for thir Markov process. Ifabso.bin& ddtermirc the long-term behavior ofthis Markov proc€ss. If
neilhcr. explsin why.

(,l1tlll.f ti tU 6!tr e'^lytQs arzgoVb;li1;<s 1 el0zr,4rr5 .t n .4, I , t ^nl
f i .V^"vro o's. L+X'[-i] \LIIA 

^+!iq-ehkl.; 't.. it 
rthr-

l.u<
L.t5

v -f "n'-1rt- y',1^)

?::li'G = i " ;:?,: -;l;;j =; fu+fl *& \,4



Pag6 6

6. Us€ the gii€n matrices io computc esch oflhe following. lfan op€ration is not possibl€, explain why.

I  r  r ' l1=Li ;1.8: ._ l"-  t
f  r  2 l
|  5 8 l ,
[3 5 ]

s 4 1f
6 -3 1l

(e) R +C

(c) ABr - 5c

a$I$ tut_d"
am r 

^*1tW*

q

1r,

f,.
P'
L't5

+ ?v *bo
4

2o,{ oo I
11,01e I
,1"0 l

(d) cA

aj-W
,tbrltut"

7.

Pmjlg&I!gq&tle!g_949!L"'r)
prcduct

Expenser -T-----B-----C

Materials 20 26 11
Assembly 12 15 l0
Psckaging 2 | 2

r#Ft?"ilu(-

o) 8c

_9- , .Uft az-c nDt It-P A-n"-e '+W
c

bc-, -a
+4
-v

harA V anfttl bt-adllA 'trxcnuP'

l -
5e_ 1 O6r_5s- -_ \-atl

jtz" \. l_-r

Nob po::iL\e
frC'/D()
"rb ll'

-v -u) i
-r4 5lr  l  i

- )

(b+r.d t 
^rrffii 

x !e. o d.e/h!e rd rlrreb, ,t d , ry s@ r b)

A company du.lufictures three products: A, B, and C. Its production cxp€nses p--r item arc sunrma.ized in the fiIst
trble below. The sec.nd bble gives the nunber ofeaoh type ofptoduct produced in ea.h qutrter of 2007.

Write two matrices C rnd I $mmarizing the above infofi$tiod a.Dd show how mrtrix multiplicotiotr can be us€d
to poduce a matix tbal gives the tot6l costs for €ach type ofexpense for each quarter.

n7i*',h< ,10 ,L:
b11291) )atD 215 

"w 
I

c f Qt{ .1r o ar< Uqo )

f\+t t{\arti ia.o toSt fr" &,o't+ttl 
"

rtot
4\,r'At

qurndty ProdN.d Erch Qurrt r

xg * rffr
3lb05
tl115
t'6+t

Product l234---T---T30--3t5-
B 320 2n n5 250
c 485 410 415 3q)

,'nd.t|,,k
tN4 , 0r")-

ra-+4
l---.)--

Erbrtle:

t*t,l absuS 2toto
Mrrn.l t!t<o ttqgo
(wL L lqqo lst'o

+ r'1e+(5
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a. 1de6or*n.4 4to.tuMbd,!4rlll: '6,h.4brd.4sBtu,dsi4r)

A group ofphysical fitr€ss devotees worts out in the gym every day. The wortouts iary ftom stscnuous to moderate
to hght. Whed their exercis€ routine was recorde4 the following obsenation l,a3 made: Ofthe people who work
out skenuously otr a panicular day, 40olo will work out strenuoully the next day, 45% will wod< out moderately the
next dat end the rest will do a lighl workout th€ next day. Oftho people who work out moderately on a p€dicula.
d^y, 5V/", 30% arfr 2(Y" will work out strenuously, moderatel, and liehtly (resp€ctively) the no( day. Of the
peoplc workiry out lightly on a pqnicular day, 45yo, 3U/o Lad 25o/o will \xork out strenuously, modemtely, and
lighdy (r€specli!€Iy) the next day.

(a) Write the transition marrix for this Markov proc€ss. Ifthis is an absorbing Markov process, order the states
so that all at8orbing stalas ara listed frst. q,lYt{.^+

Jj*a^,c*5P5r':*t 
-- "f? T iA

f l4-Ynodn (as- .-Uf€u* I2 Jl 'a 'J '1r|
t-hal* *nlr o,rr r,ls+c nl,a5 ,j ,101

:u* s[rd ,r ,rdl
(b) wlrat is the probability 6!t 6 per6on who did a sifmuous workout on Thesday will do ! light, \rorkout on

. Friday,(same week)? G7 1 ifiu \!_, 
"\--J'  .  .-.  (od j

tA4t 5 tl4..4

o. lXtel fLo*-a* +0.a rrw VrmL*z*nl  tn- i - r ,1 

^Tt ' . latUrol
<rr1 

" 
s[{453b-' l  ' r  L', ,

- 
X" --i$i a-d, /, r= r' x,'fEftl17 L_

(c) Suppose $ar on a panicular Monday 80''/o do a sEmuous workout. IOZ do a mo&rate wortout, and 10/o do
a light workout. What will th€ percentages for each type of workout lmk like ooGnel@f Oe-.1!!!gggg_

'rsgl_ ? 
v -:[.g -l
n. -tl.\ I y ,T1v [,rrlr,ol 

0n,wrli05da14 ^o'lt ',tr 
t ',1., , ,y_,,X0 = l ." i"rr l  t*"hi,*{ i ;" ! fr .2y

[. ttr t1 ffif,#r;rt.#'J''"
(d) Is lhis o rc8ular Morkov process or an absorbirg Markov proocss? lf r€gular, find th€ steady--staG distriturion

voclor for this Markov proce$. lf ahortin& determine the long-term behavior of this Markov proc€ss. lf
ncithcr, cxplein why.

IX=X
[.+ .s .+<l f'.] fxl

Lli 7 kll2J',St1

h:i+fl^i ii\n:q

(rg^tar einno a!'a-a'^"kt'ost6l av posit.,Q-' * \'[i) S yt 5uoa"-s.k
dr;trivutior' ./o ctar

.4x +.5J +.*sL = x
4 ,+sdr,4r,4t  - -  5

, 15* + ,.r 5 t ,*st'- L

-.{aX +,55 r,zl5.t -- o
- ' ,  .45i{ -; t1 +,5t =o

, r<* + ' \ - , tst  = o
- I
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9. Sotve drc followitrg syst€ns of €Wari63. If lhqr lre irfuitely h6It.J soirtions, stde so and give 6€ ldr'dneEic
solutio[ Ifther€ is no solution, state so.

g'/21

Y"r. I
\'1/t )

\  z \ \7
- , 

^ 
---\ - /'

4- l  1" \  r rok l loo
r -5 11 l - - : - : -n l^  ,  ,

.  I  IU \  D
\  r  l l r l  I  loo t

X

f-r -
Li

-3' = 4y+z
(a) y-1 = -r+52

2t+z = 14 -y

-1X-4q-L= D
y r i4-st '1

'  |  .  
-  

t t l

aXft1r€- ' ' r

( €r.r 8Jt.1-i&'-)

O=l Fo-!e!

\ 0:D +"n"s

xt L
^ f \  o ' lh \ l

_tI*olo r  a l l
, [2 o o -  [
'w_D . l  \

=l)

l,r -1

t7 l
ll5 I
l r .1 |
1. ,  t

9t +2y - 62

-.  3x-v-22
lot -3r-iy+z'

6x-2y-42

x9?
h e-b
l1 ' t .  -*
lb -q , ,

Ito -t -+

-2,

x r,1

(u - t
L.-
Lu -  ' t= l

2x-Y = -7
" '6x-3y+42 = -20

l"Y 5= t utt^r/o
x -- i \  -Lu

LL.L
\ - -  2" 7

Nofd.,,A

3 r-tr ..,+ rb -! 3 t-tf t-rt
4 \-aol-Lo o g)\  , r+J L--

kis&tr3 rw!. ttY'"lW'

.Lt ' -  +
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10. Dercrmine wh€tler each of the following is the tralsition matdx for a r€gular Markov process, an abdorbing
Mar&ov process, or neith€r. If tio trdsitiotr malrix is for an absoibiry Mad@v Foc€ss, Eorder tbe ststes so that
,ff slnsnrbine srares aJ€ first. snd then find de llnitins narrix. 

^ 
(.1 . 11

trt fl :1: l - L-oot, a+ T7 t ,'= l'-tr .n
'%l I 3? 3l l. r- L. r .08

.2-s 1
, ,8 I
.31J

t
A hryt

ot^ A.bis<bi^^
ttL+e- , i5.LrXu2ar.

A,rttz aWoW;rs 
$T2 a.^;_yaslfiyt,ll
0

( ,

r^" f i  l l , ' , - l i3 l ,
lo r  uJ 19o 'J

-4- 
(o ,  o l - r

r  - loe r  l - \
LI  O DJ

Lo"rc at porr5 
$ T:

0.,
i  i r
0 1l=\
0 0l

n
ef i t

olol o
LLI

ilJd-**
itnkl^Q
aWb\i5

(

l1
l0
19

p-. \
o'5 Io'u I: l

l|
\J '.1

u,t

o

L'[4-21
LO*l o,"J
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I l, 1r&dtu*tr,r!.1sd.ejfub4rr61r'l&/k trctr6rd,sd*e.ds6r)

The 6gur€ below gives lhe layout of a house with four rooms comected by doors. Room I contains a 0ive)
mou3etmp, and Room 2 contains ch€es€. A mouse, after being placed h either Rmrn 3 or 4, wi[ s€arch for
chees€: ifunsuccessfirl after two minutes, it will €xit to anothd room by selected one ofthe doon at random. A
mous€ edterjng Room I will b€ trnp?ed aDd therefore no longer move to other moms, Also, a mouse ent€ring
Roorn 2 will rqnain in that room.

(a) Writg lhe traruition matrix for this Markov process. If this is an ahorbing Markov Focess, order the sbt€s
so that all abso$ing sta!.s ar€ list€d tusL !t!ks LiStl bq fte{u ,/]'/r-'..J.fli-,

(c) Determin€ the long-t€nn behevior ofthfu MarLov process by finding the limiting matrix and explaining the
meaning ofit6 entn$.

l -
L. whl^t [= o-d9--

t?,  t J^U^l. t^Sq"/ f f :Y,T,':,':.':#fi

-{  r f  r  o lo +lt - -  a lo r l i  t l
r lo o l0 f i l
4Lo o I  ? oJ

th) Tfr mousc besiN in Room l. whar is the ombabiliw that i! will find the c[ees€.aft€r 8 minur€s?-G3- -n:r,.,5----;"-*tr"y*,7

Loe\. a* rwa,tD&ezartS q f+: lf,
'r^'1 '[tr1 

U n\-'J
o, x,,!f i \ t X  ,Tq x"--:Y\i|-

4LoJ .rLo r

l0 
" ll? o[ '

)

lu {  I
I  

'  
l - l

l - .  q I

I

Lt,
t/4
t/q

to
o\

4 _..,
t t" l
5/ql

- lol
ol

ii^ir^, J*.u"1. is t }t.p+ it unLt*.:,r"u9 ..
w YN" t*Ttr * ^1"W): \t t: ^Yl*1['J\lj 

-&d; - 
* Ine,Mw' ta^t s 6 rnrryull,

##:l\ft N#:#,iw:ffiie*
,"frNt0\ [,^A A"!d^!r/t

OO
o0

tL 34
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