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Section 16.5: Curl and Divergence

Definition: The del operator, denoted ∇, is defined as ∇ =

〈
∂

∂x
,
∂

∂y
,
∂

∂z

〉

Definition: If F = 〈P,Q,R〉 is a a vector field on <3 and the partial derivatives of P , Q, and R all
exist, then the curl of F is the vector field on <3 defined by

curl F = ∇× F =

〈
∂R

∂y
− ∂Q

∂z
,

∂P

∂z
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∂x
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〉
curl F = 〈Ry −Qz, Pz −Rx, Qx − Py〉

Note: The curl F relates to rotation of a fluid at point P around the axis that points in the same
direction of curl F.

Note: If the curl F = 0 at point P, then F is called irrotational at P.

Example: Find the curl of the vector field F =
〈
x2y, yz2, zx2

〉
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Theorem: If f is a function of three variables that has continuous second-order partial derivatives,
then curl(∇f) = 0.

∇f = 〈P,Q,R〉 = 〈fx, fy, fz〉

curl(∇f) = 〈Ry −Qz, Pz −Rx, Qx − Py〉

curl(∇f) = 〈fzy − fyz, fxz − fzx, fyx − fxy〉 = 〈0, 0, 0〉

Theorem: If F is a vector field defined on all of <3 whose component functions have continuous
partial derivatives and curl F = 0, then F is a conservative vector field.

Example: Determine if the vector field is conservative. F = 〈zx, xy, yz〉.

Definition: If F = 〈P,Q,R〉 is a a vector field on <3 and Px, Qy and Rz exist, then the divergence
of F is the scalar function given by

div F =
∂P

∂x
+

∂Q

∂y
+

∂R

∂z
= ∇ · F

Note: If F is a velocity field for a fluid, then div F at a point measures the tendency of the fluid to
diverge from that point. div F positive(negative) means move away(towards).

Example: Compute the div F where F =
〈
y2z3, 2xyz3, 3xy2z2

〉
.
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Theorem: If F = 〈P,Q,R〉 is a vector field on <3 and P , Q, and R have continuous second-order
partial derivatives, then

div curl F = div 〈Ry −Qz, Pz −Rx, Qx − Py〉 = Ryx −Qzx + Pzy −Rxy + Qxz − Pyz = 0

div curl F = 0

Example: Is there a vector field G on <3 such that curl G = 〈yz, xyz, zy〉?

Example: Compute curl F if F is a vector field on <2.

Suppose that F = 〈P,Q〉. Lets expand this to three dimensions by letting the z component, R, be zero.

i.e. F = 〈P,Q, 0〉.

Thus curlF = 〈Ry −Qz, Pz −Rx, Qx − Py〉 = 〈0, 0, Qx − Py〉

∮
C

F · dr =

∫
C
Pdx + Qdy =

∫∫
D
Qx − PydA =

∫∫
D

curl F · k dA


