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Section 15.6: Triple Integrals

Let B be a rectangular box such that B = {(x, y, z)|a ≤ x ≤ b, c ≤ y ≤ d, r ≤ z ≤ s},
i.e. B = [a, b]× [c, d]× [r, s].

Definition: The triple integral of f(x, y, z) over the box B is∫∫∫
B

f(x, y, z)dV = lim
||P ||→0

∑
i

∑
j

∑
k

f(x∗i , y
∗
j , z
∗
k)∆Vijk

if this limit exists.

Note: The volume of solid E is given by
∫∫∫
E

1 dV .

Fubini’s Theorem for Triple Integrals: If f is continuous on the rectangular box
B = [a, b]× [c, d]× [r, s], then

∫∫∫
B

f(x, y, z)dV =

s∫
z=r

d∫
y=c

b∫
x=a

f(x, y, z) dxdydz =

b∫
x=a

s∫
z=r

d∫
y=c

f(x, y, z) dydzdx

Triple Integral over General Regions:

When using a non-rectangular solid, we consider the projection (image) the solid makes on the differ-
ent coordinate planes.

A Type I region is the solid E = {(x, y, z)|(x, y) ∈ D,u1(x, y) ≤ z ≤ u2(x, y)}

∫∫∫
E

f(x, y, z)dV =

∫∫
D

 u2(x,y)∫
u1(x,y)

f(x, y, z)dz

 dA
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A Type 2 region is the solid E = {(x, y, z)|(y, z) ∈ D,u1(y, z) ≤ x ≤ u2(y, z)}

∫∫∫
E

f(x, y, z)dV =

∫∫
D

 u2(y,z)∫
u1(y,z)

f(x, y, z)dx

 dA

A Type 3 region is the solid E = {(x, y, z)|(x, z) ∈ D,u1(x, z) ≤ y ≤ u2(x, z)}

∫∫∫
E

f(x, y, z)dV =

∫∫
D

 u2(x,z)∫
u1(x,z)

f(x, y, z)dy

 dA
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Example: Given E is the solid bounded by the plane x + y = 2 and the cylinder y2 + z2 = 1 in the
first octant. Setup the triple integral with different projections on the different coordinate planes.∫∫∫
E

z dV
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Example: Given E is the solid bounded by the planes z = 3− x, z = 0, y = 0, and y = 2x.

Rewrite

∫∫∫
E

f(x, y, z) dV as 6 different interated integrals.
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Example: Given E is the solid bounded by the paraboloid y = x2 + z2 and the plane y = 4. Compute∫∫∫
E

√
x2 + z2 dV
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Applications of Triple Integrals:
Given a solid E with density function ρ(x, y, z).

mass: m =

∫∫∫
E

ρ(x, y, z) dV

moments about the yz coordinate plane: Myz =

∫∫∫
E

x ρ(x, y, z) dV

moments about the xz coordinate plane: Mxz =

∫∫∫
E

y ρ(x, y, z) dV

moments about the xy coordinate plane: Mxy =

∫∫∫
E

z ρ(x, y, z) dV

center of Mass: (x, y, z) =

(
Myz

m
,
Mxz

m
,
Mxy

m

)


