Section 14.6: Directional Derivatives and the Gradient Vector

Recall that for f(x,y), the first partial f, represent the rate of change of f in the
x direction and f, represents the rate (_Lf_c‘hango of f in the y direction. In other
words, f, and f, represent the rate of change of f in the direction of the unit vectors
i and j respectively.

Definition: The directional derivative of f at (x,,y,) in the direction of a
unit vector u = (a, b), denoted by Dy f(xo, yo), is
1
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if this limit exists.

Note: This shows that f.(xo,y.) = Dif(Z0,¥yo) and fy(xo, o) = Djf(xo, yob
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Theorem: If f is a differentiable function of x and y, then f has a directional

derivative in the direction of any unit vector u = {a,b) and
P—

Note: If the unit vector u makes an angle # with respect to the positive r—axis,

then we can write

u = (cosf,sinf) and  Dyf(r,y) = fo(z,y)cosf + fy(x,y)sinf

Example: Find the rate of change of f(x,y) = % + 2xy — 3y® at the point
(1,2) in the direction indicated by the angle § = g

———
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Definition: If f is a function of two variables x and y. then the gradient of
f. denoted grad f or V£, is the vector function defined by
~— -

Vi) = Geles) e = i+ Ay = ey by >
Note: Vf which is read "del f7.

7- <5157

e ‘ Y
Theorem: If f is a differentiable function of = and ¥, then f has a dlrectlonal
derivative in the direction of any unit vector u = (a, b) and

Duf(ey) = felemat fledh = < By Y’D N-Léb>
= VQ ()‘;‘4) U

Definition: The gradient and the directional derivative of a function f(r,y, z)
with unit vector u = (a, b, c) is

iy = b f\) )h) Dufeys) = I F (%22 =
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Example: Find the gradient and the directional derivative of the function
f(x,y) = x%y® —4y at the point (2, —1) in the direction of the vector v = (2, 5).

vt Leochon T8 = 2% ) 35545
\74:(1"0 = <-‘I,87
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Example: Find the directional derivative of the function f(z,y,z) = 2% — 2%y? at
the point P(1,3,2) in the direction of Q(2,4, 3).

~
3oyt S pPa- < >
V’F: <—}>\1}L) -2X'Yy ) /2

! '-'"L' ry,
wmt = < >

vt (1,3,13 = £ 21, ¢, 32D

D“P(Uﬁ,@) - é"z7) L, 32> - AT
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The directional derivatives at a point P for a function f gives the rates of changes of
f in all possible directions. This leads to the question: In which of these directions
does f change the fastest and what is the maximum rate of change?

Theorem: Suppose f is a differentiable function of two or three variables. The
maximum value of the directional derivative Dy f is |V f| and it occur when u has
the direction as the gradient vector.

Dyf =Vf u= )\7;] |ul Los B —>  Ju =

:JVHwa if 0= Al s b= |

/

prme Du,c = )\7‘:(

M Dk 7 ‘Iv””’mc’”ﬁ
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Example: If f(z,y) = e, in what direction does f have the maximum rate of
. - e ST
change at the point P(2,0)? What is the maximum rate of change of f7

V=< 35) Xe‘a§
Vy(%ﬂ: <£°;Zf ‘< ')Z>z

T:?

(i Ok | fhorge = | TE(@ ] 2

Ch-14-6 Page 7



Pg 8
Tangent Planes to Level surfaces

Suppose S is a surface with equation F(z,vy, z) = k. Let P(x,,y,,2,) be a point on
the surface. - -

Let €' be any curve on the surface going though the point P and defined by the
vector function r(t) = (z(t),y(t), z(t)) with r(t,) = (Z0, Yo, Zo)-

Combining the above information gives F(x(t),y(t),z(t)) = k. Now if F' and r are
differentiable, then we can use the chain rule to get the following.

dr dy dz
—+Fy—+F,— =0
a T var T &

F i
* “dt

dx dy dz>
Fo F F)-( —,—, — ) =0
oy P (G S —

\ J—

VFE-r'(t)=0

——
—

Thus VF at point P is perpendicular to the tangent vector r'(t,) to any curve C on
the surface S passing though the point P.

This means that VF at point P is a normal vector for the tangent plane.
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Thus the tangent plane to the surface F(z,y,z) = k at point P(z,, Yo, zo) is

F-J:(Io:yoazo}(f — Io) + Fy(fm Yo zo}(y —Yo) + Fc(To-. Yo, Zo)(z —zo) =10 J

)

£ (ow)s B (59) 4 222
4
—n= < K 5 Q__

P
What is a direction vector for the normal line to the surface at the point P(x,, yo, 20)?
)u. Y

ﬂbfzm‘ﬂ {l’»& N= <’Cy,l\'v)">
(_;_:_'X’/A,—,Eﬁx / £z £(x0)
Yz Yo ¥ \’,(2
e Lo b ‘EFZ /

F()‘/b/ z B =/
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Example: Find the equation of the tangent plane and the normal line to the surface
at the point (1,2,1)

422 + 92+ 922 =17

\’_’_,___)
F(\O‘m%\ T # ﬂ/h‘i

VF =) 29, 88> ¢ (x-) + i (oo )
V(’().l)l) - 4 Q,L/, ’K>

y:’l—-/'q'e
L= l"'g{’
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In a similar manner, the gradient vector VF'(x,,y,) is perpendicular to the level
curves f(xr,y) =k at the point (z,.1y,).

Consider the topographical map of a hill and let f(z,y) represent the elevation at
the point (z,y). Draw a curve of steepest ascent.
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