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1. (See Example 1) Write the payoff matrix for the
coin-matching game between two players. If both
coins are heads, R pays C $1. If both coins are tails,
C pays R $2. If the coins differ, R pays C 50¢.

2. Two players, R and €, each have two cards. R has
one black card with the number 5 written on it and
one red card with the number 3. € has a black card
with a 4 written on it and a red card with a 2. They
each select one of their cards and simultaneously
show the cards. If the cards are the same color, R
gets, in dollars, the difference of the two numbers
shown. If the cards are different colors, C gels, in
dollars, the smaller of the two numbers shown.
Write the payoff matrix of this game.

3. Two-Finger Morra is a game in which two players
each hold up one or two fingers. The payoff, in
dollars, is the total number of ﬁngers shown. R re-
ceives the payoff if the total is even, and C receives
the payoff if the total is odd. Write the payoff
matrix.

Exercises 6 through 11 are payoff matrices for two-person

games. Decide whether the games are strictly deter-

mined. Find the saddle point, value, and solution for each

strictty determined game.

6. (See Fxample 3) 7.1 73 _5:|
5 2 L2l
A
_ 1 2 3]

8 |° 9] 9.4 -5 1
L7 0 2 6 3]
4 3 0 T2 0 1]

0| -1 2 5 1. |0 -3 4

' | -3 4 -2 |3 —2 0]

4. Player R has a $1 bill, a $10 bill, and a $50 bill.

Flayer C has a $5 bill and a $20 bill. They simulta-
neously select one of their bills at random. The one
with the larger bill collects the bill shown by the
other. Write the payoff matrix for this game.

- (See Example 2)  Given the following payoff

matrix;
C
€1 G €3
r 5 =3 4

R r 0 10 -7
rs -8 4 0
(a) What is the payoff when strategies r, and ¢, are
selected?
(b) What is the largest gain possible for the row
player?
(¢} What is the greatest loss possible for the col-
umn player?
(d) What is the largest gain possible for the column
player?

12. (See Example 4} Find the saddle points and val-
ues of the payoff matrices.

3 3 8 6 76 8
(@ |1 —2 -3 M) {3 6 5 12
3 3 9 6 9 6 11

13. (See Example 5) For the following payoff matri-
ces, find the saddle points, values, and solutions, if

they exist. B
-3 21 -1 2 3
(a) 0 2 3 (b) 4 -1 0
| -1 —4 2 t 0 1 -1
1 -2 -1 —2 3
{c} 5 7 3 (d) 5 0 2
| -1 3 —4 | 4 —1 1




14.

Two coffeehouses near the campus, the Coffee Club
and the Rendezvouys Room, compete for the same
customers. To attract more customers, the Coffee
Club is considering adding a biues musical group or
a cheesecake counter. There is room to add only one
of these. At the same time, the Rendezvous Room is
considering adding a jazz musical Broup or a bage]
counter. They too have room to add only one,

The payoff matrix shows the percentage increase
in business for the Rendezvous Room for each op-
tion adopted by the coffeehouses. Their options are
no change, add music, and add food.

Coffee Club
Add
No Add Cheese-
Change Blues cake
No Change | 0 —10 —15
lfezﬁfz"ous AddJazz | 15 2 5
© Add Bagels | 10 -5 6

15,

Which option should each adopt? Find the result-
ing value.

Two television networks, Century and ReMark, are
competing for a viewer audience I prime time.
Century is considering a new talk show, 2 game
show, and an educational documentary show.
ReMark is considering a sports highlights show, 2
mystery drama; and a variety show. The following
payoff matrix shows the estimated gain by ReMark
in audience ratings for the pairings of shows.

between the farmer, who has a choice of crops to
plant, and nature, which has a “chojce” of types of
weather. For the type of soi] and climate in his area,
a farmer has the choice of planting crops of milo,
corn, or wheat. The matrix shows the expected
£ross income per acre for each crop and weather
condition for the growing season.

Nature
Dry  Normal Wet
Season Season Season
Milo 85 120 150
Farmer Comn 60 165 235
Wheat | 70 150 175

16.

“‘*"6'3\-

17. The farming occupation may be considered a game

(a)
(b)

(c)

Century
Educa-
Talk Game  tional
Sports 10 —5 25
ReMark Mystery —20 —13 10
Variety —-10 —10 5

Find the strategy each network should adopt and
the value,

Crofford College and Round Rock Tech are neigh-
boring schools that are considering tuition changes.
Some argue that tuition should be increased to ob-
tain more revenue, and others argue that tition
should remain the same of even be lowered to re-
cruit more students. The decisions will cauge some
students to change from one school to the other.
The following matrix describes student movement,
With a positive entry indicating the number of stu-
dents moving from Crofford to Round Rock and a
negative number indicating movement from Round
Rock to Crofford.

Determine if there is 3 saddle point. If so, what
strategy should each school adopt?

Crofford
Lower Same ‘Raise
Lower 125 200 320
Round Rock Same —175 80 175
Raise —400 —220 0
-

Based on this “two-person” game, which crop
sirategy should the farmer adopt?

The strategy of a two-person game assumes
that each playes is an intelligent person using a
rational approach to the game. Do you think
that game theory is a valid approach to deter-
mine which crop strategy is best?

Weather records show that dry. normal, and wet
seasons do not occur with equal frequency. Dry
and wet seasons each occur about 20% of the
time, and normal seasons occur about 60% of
the time, For each crop, find the income over a
five-year period assuming one year is dry, one is
wet, and three are normal. Based on your find-
ings, which is the best crop sirategy for the long
term? Is it the same as that found in part {a)?
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L. (See Example 1) Find the expected payoff for the 6. (See Example 2) I: 4 9]
payoff matrix 103
' C . 15 10 3 12 —4
R [20 12] L5 20 L6 14
8 30 i
9. (See Example 4) Reduce the following matrices

using £ = [5 3] for R strategy and using
Q=10 iltorcs strategy.

2. Find the expected payoff for the payoff matrix

R

using the row strategy [0.3 0.7} and the column
strategy [0.6  0.4].

3. Find the expected payoff for the payoff matrix

S

using the row strategy [£* 2] and the column strat-

egy 13 3]
4. Find the expected payoff for the payoff matrix
C
-12 18 6
R g8 —10 —4
-6 14 -8

using P = [0 } 1] for R strategy and using
Q=13 0 1]forCsstrategy.

3. Here is a payoff matrix for a two-person game:

C
—15 40 25
R 25 —-10 -5
45 20 —15
Find the expected payoff for each of the pairs of
strategies.
@ P=[1 0 0 @=ji0 1 0
® P=[; ;0 @g=[ o}
©P=[ 13 o-[} |

@ P=1[03 01 06]0=1[02 02 06]

The payoff matrices in Exercises 6 through 8 describe
mixed-strategy games. Determine the optimal strategies.
for each game and the resulting value of the game.

10.

1l

12,

13.

14.

by deleting rows or columns that are dominated by
other rows or columns.

6 -5 1 9 52 -2 8
(a) 2 0 4 7 hy |3 1 13 22
-3 —6 0 3 13 6 11

Reduce the following matrices by deleting rows
or columns that are dominated by other rows or
columns.

6 2 3 6 2 —2 1
2 0 4 41 9 2
@) 7 21 ™1, 4 63
~3 -8 3 13 61

Determine the optimal strategy and the resulting
value for this mixed-strategy game:

6 7 3

4 5 2

5 6 8

Determine the optimal strategy and the resulting
value for this mixed-strategy game:

4 & 5

6 —1 7

8 2 9

(See Example 5) Determine whether or not the
following games are fair.

6 —38 5 2
o 4] ®) |:1 3]

o
(e 2 6]

Dretermine whether or not the following games are
fair.

(a)

3 2] 5 —10
-1 5 ® [—z 4]

7 8
©) [2 6:’
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15. Two television networks, Century and ReMark,
are competing for a viewer audience in prime
time. Century s considering a new talk show, a
game show, and an educational documentary show.
ReMark is considering a sports highlights show,

a mystery drama, and a variety show. The follow-
ing payoff matrix shows the estimated gain by
ReMark in audience ratings for the pairings of

shows.
Century
! Educa-
Talk Game  tional
Sports 10 =3 25
ReMark Mystery | —20 15 10
Variety 10 —10 5

The networks are prepared to air their showsina
random manner. Find the optimal strategy of each
network and the expected value.

16. Baseball has classic one-on-one competition
between the piicher and the batter. Let’s analyze
the strategy of the pitcher, Perez, and the baitter,
Blakemore. Perez has two pitches, a fastball and a

- curve. When Blakemore is set for a fastball and

Perez throws a fastball, Blakemore’s batting
average is (.450. If, instead, Perez throws a curve,
Blakemore’s baiting average is 0.200. When
Blakemore is set for a curve and Perez throws a
curve, Blakemore’s batting average is 0.350. If
Perez throws a fastball instead, Blakemore’s
batting average is 0.150. Thus, the payoff

matrix is

Perez Throws

F C

Blakemore F 0.450 0.200
Expects C |:0.150 O.350:|

Find the optimal strategy for each player and the
expected batting average.

| ! Level 3

17. (See Example 6} A patient has symptoms that
suggest a discase that requires exploratory surgery
to determine if the disease exists. The expected sur-
vival times based on whether the disease exists or
not { D or ND) and on whether or not surgery is
performed or not {§ or N§) are given in the
matrix

Nature
D ND
Pati S [25 30]
atient NS s 35
The probability that the disease exists is g, = 0.60.
{a) Find the expected survival time with surgery.
(b) Tind the expected survival time without
surgery.
() For what value of g, is no surgery the better
option?

18. A patient faces surgery because of a suspected dis-
ease. The expected years of survival are given in the
matrix

19.

D ND

patient [15 35]
et Ns [ 1 a0

The probability that the disease actually exists is

q; = 0.35,

(a) Tind the expected survival time if surgery is
done.

(b) Find the expected survival time if surgery is
not done.

(c) Find the probability ¢, for which surgery is the
better option. :

A physician tells her patient that symptoms suggest
a tumor that requires surgery for further diagnosis
and treatment. The following matrix gives expected
survival time:

Nature

D ND

S
e Ns |3 oS




750

20

Chapter 9  Game Theory

The physician indicates the probability that the

tumnor is malignant is considered to be about 0.70,

but it can vary from that. Assuming ¢, = 0.70,

{a) find the expected survival with surgery.

(b} find the expected survival without surgery.

(¢) Because g; = (170 is somewhat questionable,
find the range of ¢, such that surgery is the bet-
ter option.

A patient who has a tumor that is suspected to be
malignant has three treatment options: surgery,
radiation - chemotherapy, or both, The probability
that the tumor is malignant is 0.80. The survival
time of the patient under treatment or no treat-
ment options is given for each option,

Surgery Radiation
Nature Nature
D ND D ND
Patient T [20 22} Patient r [12 25]
NT 3 25 NT 2 30
Both
Nature
D ND
Patient T [18 20]
NT 2 30

Based on expected survival, rank the treatments in
order of effectiveness.
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Section &P C"" ,

1. C 3 C
H T 1 2
H [ —-1 05 1 2 -3
R
T —0.5 2 2 —3 4
5. (a) Rreceives 10 from €. (h) 10 (c) 10 (d) 8 7. Strictly determined, the saddie point s (2, 2),

value = —1, and the solution is row 2 and colurmn 2. 9. Not sirictly determined 11. Strictly determined, the
saddle point is (1, 2), value = 0, and the solution is row | and column 2. 13. {a) Strictly determined, saddle point
(2, 1), value = 0, solution row 2, column 1 (b} Not strictly determined because the largest row minimum does not
equal the smallest colunn maximum (¢} Strictly determined, saddle point (2, 3}, value = 3, solution row 2 and col-
umn3  (d) Strictly determined, saddie point (2,2), value = 0, solution row 2, column 2 15. ReMark should
choose option 1, the sports highlights, and Century should choose option 2, the game show. The value is —5. ReMark
should expect to lose 5 points in the ratings.

17. (a) The saddle point is {1, 1}, so the farmer should plant milo.

(c) Total income over five years:

Milo: 85 + 3{120) + 150 = 595

Corn: 60 + 3(165) + 235 = 790

Wheat: 70 + 3(150) + 175 = 695

In the long term, corn appears to be the best and wheat second.

Section @ G‘ l-

L 175 3.0 5 (@40 )75 (© % @84 7. Row strategy = [Z %] and column

s 52 =2
strategy = [} 3],E = 1167 0. (a)l: ] M3 1 13
0 13 6

I P=[; 0 4o=0 0 LhE=% 13 () E—0 Thsi afair game. (b) E = ¥ This is not a fair
game. (¢) £ = ¥ Thisis not a fair game. 15.  ReMark should show the sports highlights 70% of the time, the
mystery drama 30% of the time, and drop the variety show. Century should air the talk show 40% of the time, the game
show 60% of the time, and drop the educational documentary. Using these strategies, ReMark can expect an average gain
of 1 rating point. 17. (a} 27years (b) 17vears (c) No surgery is the better option when g, < 0.20.

19, (a) 206 years (b) 9.6 vears (c) Surgery is the better option when the probability of malignancy is greater
than 0.15.




